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Abstract

In the study of time series analysis, it is of great interest to model a contin-
uous response for all the individuals at equally spaced time points. With the
rapid advance of social network sites, network data are becoming increasingly
available. In order to incorporate the network information among individuals,
Zhu et al. (2017) developed a network vector autoregression (NAR) model. The
response of each individual can be explained by its lagged value, the average of
its neighbors, and a set of node-specific covariates. However, all the individuals
are assumed to be homogeneous since they share the same autoregression coef-
ficients. To express individual heterogeneity, we develop in this work a grouped
NAR (GNAR) model. Individuals in a network can be classified into different
groups, characterized by different sets of parameters. The strict stationarity of
the GNAR model is established. Two estimation procedures are further devel-
oped as well as the asymptotic properties. Numerical studies are conducted to
evaluate the finite sample performance of our proposed methodology. At last,
two real data examples are presented for illustration purpose. They are the s-
tudies of user posting behavior on Sina Weibo platform and air pollution pattern
(especially PMs 5) in mainland China.
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1. INTRODUCTION

An important sign of the rapid development of Internet and mobile Internet is the
rise of social networks. Typical representatives include Facebook, Twitter, Sina Wei-
bo, and many others. Accordingly, network data are becoming increasingly available.
On one side, users (i.e., nodes) in a social network are no longer independent with
each other, but related through various relationships (e.g., friendship). On the other
side, plentiful covariates can be collected for each user, such as personal information,
consuming behavior, and textual records. As a result, network data play an impor-
tant role in various disciplines. They can be used to provide site user portraits (Lewis
et al., 2008), characterize social capital flow patterns (Bohn et al., 2014), and analyze

consumer behavior (Hofstra et al., 2015).

Mathematically, we use an adjacency matrix A = (a;;) € RV to represent the
network structure, where N is the total number of nodes. If the 7th node follows the
jth one, we set a;; = 1; otherwise a;; = 0. For convenience, we always let a; = 0.
Other than that, we assume that a continuous response Y;; € R! can be observed
for each node over time t. On social network platform, Y;; could be the number of
characters posted by node ¢ at time ¢, reflecting nodal activeness. Furthermore, we
denote Yy = (Yi,---,Yn:)' € RY, and we are particularly interested in studying
the dynamic pattern of Y;. To this end, vector autoregression (VAR) models and the
corresponding dimension reduction methods are extensively used in the past literatures,
especially the factor models (Pan and Yao, 2008; Lam and Yao, 2012). Recently, Zhu
et al. (2017) proposed a network vector autoregression (NAR) model, which takes

network structure into account when modeling the dynamics of Y;.

By NAR, it is assumed that the response Yj; is influenced by four factors, (a) its

lagged value Y1), (b) its socially connected neighbors n; ' > i1y With n; =
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“a;i, (¢) a set of node-specific covariates V; € RP, and (d) an independent noise &;.
7 Y

As a result, the model is spelled out as

Yie = Bo + Bin; Z ai;Yj—1) + B2Yig—1) + ViT’Y + Eit, (1.1)
J

where By, b1, (2, and v are referred to as baseline effect, network effect, momentum

effect, and nodal effect respectively.

Although model (1.1) can be used to study the dynamic pattern of Y; when network
information is available, it treats all the nodes to be homogenous. For instance, by
the NAR model, the node-irrelevant network effect 8; implies that all the nodes are
influenced by their neighbors to the same extent. This is obviously unrealistic in
practice. Take Sina Weibo as an example, which is one of the most popular social
network platforms in China. Some nodes on the platform are super stars or political
leaders, and they have millions of fans. These nodes are referred to as opinion leaders
and less influenced by others (Wasserman and Faust, 1994). As a result, the network
effect (i.e., 1) for the opinion leaders should be small. On contrary, their followers
are more likely to be affected, which leads to a relatively large network effect for those

ordinary nodes.

From the above discussion, one can conclude that the baseline effect, network effect,
momentum effect, and nodal effect might be distinct for different group of nodes. By
the real data analysis, we indeed find that nodes in a network can be classified into
K groups, characterizing by different sets of parameters (e.g., f1p with k =1,--- | K).
Figure 1 shows that for the Sina Weibo dataset, nodes are classified into 3 groups, with
totally different coefficient estimates. To be more specific, compared to group 2, the

estimated network effect is much smaller of group 3 (i.e., Blg = 0.026 vs. 313 = 0.002).



On the other hand, group 3 has a larger estimated momentum effect than that of group
2 (ie., ng = 0.396 vs. 523 = 0.958). This indicates that nodes in group 2 tend to
be affected by their connected neighbors, while those in group 3 are more likely to be

self-influenced.
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Figure 1: Coefficient estimates for 3 different groups. Distinct characteristics can be obvi-

ously detected for different groups of nodes.

In order to capture this interesting phenomenon, we propose in this work a grouped
network vector autoregression (GNAR) model. The GNAR model basically assumes
that nodes in a network can be classified into different groups, characterized by different
sets of parameters. The proposed model is related to the literature of clustering time
series data, where the most popularly used technique is model-based clustering estab-
lished with finite mixture models (Frohwirth-Schnatter and Kaufmann, 2008; Juérez
and Steel, 2010; Wang et al., 2013). In this approach, each time series is assumed
to belong to one specific group, and each group is characterized by a different data
generating mechanism. The method is widely applied to gene expression classification

(Luan and Li, 2003; Heard et al., 2006), financial data modelling (Frithwirth-Schnatter
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and Kaufmann, 2006; Bauwens and Rombouts, 2007) and economic growth analysis
(Frohwirth-Schnatter and Kaufmann, 2008; Judrez and Steel, 2010; Wang et al., 2013).
To our best knowledge, most of the above methods deal with independent univariate

time series and can be difficult to directly apply to network data.

In this article, we consider to group users according to their dynamic network behav-
iors. The network information is employed and embedded into modelling. Specifically,
Section 2 explicitly introduces the GNAR model, including the establishment of the
strict stationarity of Y,;. In section 3, two estimation methods are developed, an EM
algorithm and a two step estimation procedure. The corresponding asymptotic prop-
erties are further built. A number of simulation studies are conducted in Section 4 in
order to demonstrate the finite sample performance of our methodology. Two real ex-
amples are studied in Section 5. The first dataset is about user posting collected from
Sina Weibo platform (the largest Twitter type social media in China). The second one
is a PMs 5 dataset, which are recorded across mainland China. At last, some conclud-
ing remarks are given in Section 6. All the technical proofs are left in the separate

supplementary material.

2. GROUPED NETWORK VECTOR AUTOREGRESSION

2.1. Model and Notations

Recall the NAR model defined in (1.1). We are interested in modeling the dynamics
of Y. It can be noted that all the effects are invariant with node, which implies all
the nodes are homogenous. However, as discussed above, this assumption might be
too stringent in real practice. To fix this problem, we assume nodes in the network

can be classified into K groups, where each group is characterized by a specific set

of parameters 0, = (Box, Bix, Bor, 7 )T € RPF3 for 1 < k < K. Let F; be the o-field
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generated by {Y;s: 1 <i < N,1<s<t}. Given F;_q, Yy, -+, Yny are assumed to be

independent and follow a mixture Gaussian distribution
K
Z Oékf<ﬁok + anfl Z ai;Yj—1) + BorYie—1) + VZ-T’Yk, a,%), (2.1)
k=1 j

where ay, > 0 satisfying Zszl ay = 1 is the group ratio, and f(u,o?) is the probability
density function for normal distribution with mean p and variance 0. Model (2.1) is
referred to as grouped network vector autoregression model. Essentially, the GNAR
model specifies different dynamical patterns for each group through different set of
parameters. Following the NAR model, we refer to Box, Bik, Por, and v as grouped

baseline effect, network effect, momentum effect, and nodal effect respectively.

In (2.1), it is not specified which group each node belongs to. We then assume the
ith node carries a latent variable z;, € {0,1}. Specifically, z; = 1 if i is from the kth

group, otherwise z;; = 0. As a result, the GNAR model (2.1) can be written as

K
Yii = Z Zik (5% + Buen; ! Z ai; Y1) + BorYi—1) + V;-T’Yk + Uké?it)a (2.2)

k=1 J

where €;; is the independent noise term, and follows standard normal distribution. One

could further represent the GNAR model in a random coefficient form as

Yie = bo; + blz‘ni_l Z a3 Yjt—1) + b2 Yi—1) + ViTTz‘ + di€it, (2.3)

J

where bj; = >, zifji for 0 < 7 <2, r; = >, 2y, and 6; = >, zio,. Note that
(2.3) can be seen as a generalized extension of the NAR model. The main differences
lie in two aspects, (a) the effects (i.e., coefficients) are all node-specific, reflecting the

heterogenous characteristics of each node, and (b) all the parameters are random (i.e.,



linear combination of the latent variables z;). This makes the GNAR model (2.3)

more flexible and realistic in practice.

Remark 1. The GNAR model (2.3) takes only one lag information into considera-
tion. As a flexible extension, one could consider the GNAR(p) model by taking more

historical information as,

q N p
Y;t — b()i + Z b(l’;n)nl_l Z al-ij(t_m) + Z bgln)}/;(t—m) + V;TTZ‘ —|— 5i6ita (24)
m=1 j=1 m=1
where bgT) =3 zikﬁgf) and bg’f) =3 zikﬁézﬂ. Similarly, the theoretical properties
and estimation methods can be extended with the GNAR(p) model (2.4). In this work,

we only focus on the GNAR model with one lag for simplicity.

Recall Y; = (Yis, -, Yne)' € RY is the vector of responses at time ¢. Let Dy =
diag{zy : 1 <i < N} € RV with 1 < k < K. Further define V.= (V;,--- | Vy)" €
RN*P and B, = Zszl Di(Box + Vi) € RN, where Byy = Borl € RY and 1 =
(1,--+,1)7 with compatible dimension. Similarly, write B; = Zszl DBy, € RVXN
and By = S | DyBy, € RV*N where By, = B, € RV*N for j = 1,2 and [ is the
identity matrix with compatible dimension. Then the GNAR model can be written in
a vector form as

Yt - B(] —|— th,1 —|— St, (25)

where G = BiW + By, W = diag{n', -+ ,ny }4 is the row-normalized adjacency

matrix, and & = (81614, -+ ,0nen:) ' € RY is the noise vector.
2.2. Strict Stationarity of GNAR

As long as we derive (2.5), it is important to study the strict stationarity of the

GNAR model. When N is fixed, we have the following theorem.
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Theorem 1. Assume E||Vi|| < oo and N is fized. If maxi<p<r(|Bix|+|52x|) < 1, then
there exists a unique stationary solution {Y;} with E||Y¢|| < oo to the GNAR model

(2.5). The solution takes the form:

Yo=(I-G)"Bo+> G& ;. (2.6)
=0
The proof of Theorem 1 is given in Section 2 in the supplementary material. Regarding

Theorem 1, we have the following remarks.

Remark 2. Given group label Z = {z;; : 1 <i < N,1 < k < K}, define conditional
expectation of Y; as uy = E(Y;|Z) = (I — G) by, where by = (bo1,- -+ ,bon)' € RY.
More specifically, denote puy = (1, ,pun) ' € RY. As discussed before, Yj; could be
the number of posts a node made on social network platform. As a result, puy can be
seen as nodal activeness level and is of great interest to be investigated. Further let
My = {i1,--+ ,in, } be the collection of node indexes of the kth group, and M| = Ny
is the group size. It can be verified that the conditional expectation for nodes belonging

to the same group is identical, i.e., y;; = -+ = Wiy, = V-

Remark 3. In addition to the conditional mean, we also study the conditional covari-
ance of Y;. For any integer h, define the auto covariance function of Y; given Z as
['(h) = cov(Yy, Yi_p|Z). It can be verified that ['(0) = (I — G)"'Sy(I — GT)~t + ¢,
where By = diag{> 1, zix(7 Sy ) 1 1 < i < N} with Xy = cov(14), and vec(Sg) =
(I — G ®G) 'vec(X,) with ¥, = diag{>r | zx0? : 1 <4 < N}. It can be further

verified that T'(h) = G"T'(0) for h > 0 and T'(h) = T'(0)(G")~" for h < 0.

To better understand (2.6), we consider a special network structure, the “core-
periphery” network. Specifically, there are two groups of nodes in this kind of network,

the core (i.e., group 1) and the periphery (i.e., group 2). Nodes in the core group are



often celebrities who has a number of followers. While nodes in the periphery group
have very few followers and they are influenced by the core. Figure 2 is a diagram of

the core-periphery network.

Figure 2: The core-periphery network structure. Blue circle represents the core, while pink
the periphery. The core and the periphery can be seen as two different groups, identifying

by their own regression coefficients. The arrow represents the direction of the relationship.

Without loss of generality, let the first s nodes be the first group and the left
N — s another. Accordingly, let W = (Wyy, Wia; Way, Was) be the partition of the
two groups. Edges are seldom observed from the core to the periphery or among the
periphery. Accordingly , we set Wi, = 0 and Was = 0. It can be analytically computed
that the conditional expectation of the two groups are vy = 5o1/(1 — B21 — B11) and
vy = (1 — B22) " Y(Bo2 + Br2v1). In such a case, the conditional mean for the core is only
determined by its own coefficients (i.e., Bo1, (11, and f1). However, the activeness

level of the periphery is also influenced by the core through the term £ov4.

3. PARAMETER ESTIMATION



In this section, we discuss the estimation of the GNAR model. Note that the group
label z;. is latent. Therefore, parameter estimation and group detection need to be
conducted at the same time. Since the procedure might not be straightforward, as a
starting point, we assume the group label is known. In fact, this can be useful when

the groups are pre-determined by some preliminary knowledge.
3.1. Estimation When Group Label is Known

Define ng) = (Yy:i€e M) € RV, Wk = (wij 11 € My, 1 <j < N)eRNexN
VO = (V; i€ My)T € R¥<? and EF = (e, : i € M,)T € RV. Then the GNAR

model (2.3) can be rewritten as
Y = Bok + BuW PV iy + B Y[ + VP + 0,67 (3.1)

fork=1,--- K. Let Xy = (1,w] Yy, Yi, V.")" € RP3, where w; is the ith row of W.
Further let ng) = (X, i€ M;) € RN<P+3)_ Recall that 0y = (Box, Bik, Bors Ve )| €
RP*3. Then (3.1) could be written as ng) = ng)é’k—l—ak(‘,’fk). Subsequently, the ordinary

least squares (OLS) estimator can be obtained for the kth group as
T T

b= (X x) - (> xPrv?). (3.2)

t=1 t=1

It is then of great interest to investigate the asymptotic properties of 0.

Define ugf) = (u; : 1 € My)" € R In addition, let Xy = T'(0) = (0,,5) € RV,
S — (0,01 € M, 1< j < N) e RVWN and S — (5,51 i€ My, j e My) €

RN=*Ne The following technical conditions are required.

(C1) (GrouP SizE) Assume that miny N, = O(N?), where 0 < § < 1.
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(C2) (INDEPENDENCE ASSUMPTION) Assume that Vs are independent and identically
distributed random vectors with E(V7) = 0, cov(V;) = 3y € RP*P| and finite
fourth order moment. Assume ;s are independent and identically distributed.

In addition, assume {V;} and {e;} are mutually independent.

(C3) (NETWORK STRUCTURE) Assume W is a sequence of matrices indexed by N.

They are assumed to be non-stochastic.

(C3.1) (CONNECTIVITY) Treat W as a transition probability matrix of a Markov
chain with state space to be the set of all the nodes in the network (i.e., {1,--- , N}).
Suppose the Markov chain is irreducible and aperiodic. Further define 7 =

T

(m,--+,mn)" € RY as the stationary distribution of the Markov chain, such

that (a) m; > 0 with Zf\il m; = 1, and (b) m# = W 'x. Furthermore, Zl |7 s
assumed to converge to 0 as N — oo.

(C3.2) (UNIFORMITY) Define W* = W + W' as a symmetric matrix. Assume
Amax(W*) = O(log N) and Apax(WWT) = O(N?') for §' < 6, where Apax(M)

stands for the largest absolute eigenvalue of an arbitrary symmetric matrix M,

and 0 is defined in (C1).

(C4) (LAw oF LARGE NUMBERS) Assume the following limits exist: c&? = limy, 00

NAATW®py), ) = limpy, oo Ny AT d), £ = limp, o N Tl +
tr(WETW O, 2P = limy, oo Ny AP TWE ) + te(WHSH T and

247 = limy, oo N (87T ) + te(SF)} for k=1, K.

Condition (C1) is an assumption on group size, which assumes that the diverging
speed of all groups should be at least faster than O(N?) for § > 0. It is remarkable that
the unbalanced group size is allowed, which could widely exist in real practice. Next,

condition (C2) is a regular assumption imposed on the nodal covariates Z; and noise
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term g;,. Condition (C3) sets constraints on the network structure W. Specifically,
condition (C3.1) requires certain extent of connectivity should exist for the network.
Here a sufficient condition for the irreducibility of the Markov chain is that, there
should exist a path with finite length between two arbitrary nodes. Condition (C3.2)
restricts the heterogeneity of the nodes in the network, which requires the divergence
rate of Apax(W*) and Apax(WWT) should not be too fast. Lastly, condition (C4) is a
law of large numbers condition for each group. It assumes the limits of certain network

features exist as N, oo for k=1,--- | K.

Theorem 2. Assume maxy(|Bix| + |far]) < 1 and Conditions (C1)-(C4). We have

VNI (6, — 6) = O,(1) as min{ Ny, T} — oo.

The proof of Theorem 2 is given in Section 3 in a supplementary material. By Theorem

2, one could see that the v/ N;T-consistency can be obtained for the estimator ék
3.2. An EM Algorithm

Although the OLS estimation in (3.2) is simple and straightforward, it can be
limited since the group label is unknown. Recall that the latent variable z;; € {0,1}
indicates whether the ith user belongs to the kth group. Denote © as the parameter

space. The full likelihood function is given as

T Zik

L©) =111 | IT ewofor' 0 = X000} | (3.3)

where ¢(+) is the probability density function of the standard normal distribution. We
then adopt an EM algorithm for parameter estimation. In particular, after setting
an initial value §®), we iterate the following steps. Specifically, in the mth (m > 1)

iteration, we have that

12



E-STEP. Estimate z;; by its posterior mean zz(;n) Here,

~(m—1 T A (m—1
al(c )thl ¢(A§t,k ))

(m) _ Am—1)\ _
ik = E(Z'Lkw ) - K ~(m—1 T A (m—1)y" (34)
> kel O‘l(c : [T (b(Az('t,k ))
where AU = (v, — x T 60" D) /60m and 90V 60" are the estimates from
itk = i i(t—1)%k koo ko0 Ok

the (m — 1)th iteration.

M-STEP. Given zf,T), we then maximize (3.3) with regarding to ay, 6x, and oy.

Particularly, we have

o = (A0 xax )_1 (D=3 xava), (3.5)
% t i t
)" = (T ) {0 A S~ X0 A = N (YDA,

% i t A

(3.6)

Repeat the above steps until the EM algorithm converges and the final results are the

desired estimators.

It can be noted that the estimation given by (3.5) is in spirit similar to (3.2).
Particularly, the EM estimation of 6, can be treated as a weighted OLS estimator,
where the weights are the latent group variables z;,. In addition, the estimation of o}

and ay in (3.6) can be comprehended in similar way.
3.3. A Two Step Estimation Method

In real practice, the computation of the E-STEP (3.4) might be not stable when
the time dimension 7 is large. That makes the estimation result in M-STEP might
not be reliable. Note that (2.3) can be treated as a random coefficient model with

node-specific coefficients. Motivated by this fact, we consider a two step estimation
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procedure as an alternative. In the first step, we estimate the coefficient at the nodal
level. Secondly, these estimates are pooled together to obtain the parameter estimation
O, for k=1, , K. For convenience, we assume (SB1z, 32) " are not the same between

different groups.

Specifically, let b; = (bo; + V" 7i, bis, bag) T € R3. Write Xy = (1,w, Y;, Vi) " € R3.

Then the estimates for b; can be obtained as

R T o, T
bi e (ZXi(tfl)X;Et—l)> (ZXi(tfl)}/;t> . (37)
t=1 t=1

Note that (3.7) is the ordinary least squares estimation for each node. Intuitively, this

estimate will approximate the true value b; well when T is sufficiently large.

Theorem 3. Assume N = o(exp(T)), the stationary condition maxy(|Bix| + |Pak|) <
1, and conditions (C1)-(C4). In addition, assume there exists T > 0, such that
min;{ (e, Sy e;)(w, Syw;) — (e yw;)?} > 7 with probability tending to 1. Then we

have sup;<;<y ||b; — bi| = 0,(1).

The proof of Theorem 3 is given in Section 4 in a supplementary material. Re-
garding the term appeared above (e, Sye;)(w] Yyw;) — (e] Lyw;)?, we rewrite it as
Do 2grin Dijr Wiy Wijs (Ty i — Ty Oyige)s Where Ajy gy = 0y 30y 1y Oy jnj and 0y 5 =
cor(Yi, Yj). Then the condition can be satisfied if o, ;; and Zijm = Oy irjo — Oy.ij1 Oyija
are lower bounded away from 0, with probability tending to 1 for triplets set {(4, j1, jo) :
@ijaij, = 1,1 %# j1,7 # j2}. Given the results in Theorem 3, it is noteworthy that the
overall estimation bias (i.e., sup, ||b; — b;||) can be controlled as the diverging speed of

time T is slightly faster than log(V) (i.e., log transformed network size).

Based on the theoretical result of Theorem 3, we consider the second step for

estimation. Ideally, the estimated values b; will form K clusters (i.c., groups) by
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the cluster algorithm. The corresponding group members are collected in M\k, where
Nk = |M\k| Then the group ratio «j can be directly estimated by &, = Nk/N
Subsequently, given this estimated group information, one can be able to conduct the
estimation by using the same procedure (3.2) in section 3.1. Specifically, 65 can be

estimated by

T . T
éfs = (Z Z Xi(t—l)XIt—1)> 1(2 Z Xi(lt—l)Y;t)7

=1 ie My, =1 ie My

which is referred to as the two step (TS) estimator. Theoretically, one could expect
the consistency result of égs if all nodes are clustered into their true groups with
probability tending to 1 (Hartigan, 1981; Pollard, 1981; Von Luxburg et al., 2008).
This can be guaranteed by the result of Theorem 3 when abundant time information

can be obtained.

4. NUMERICAL STUDIES
4.1. Sitmulation Models

To demonstrate the finite sample performance of our proposed methodology, we
conduct a number of numerical studies in this section. Specifically, the first two ex-
amples are presented with different types of network structures. The third example is
displayed to study the parameter estimation and prediction accuracy when the number
of groups pis misspecified. In each example, different estimation methods (EM and T'S)

are employed and compared.

For each example, we fix the number of groups K = 3 and generate the random

innovations ¢;; from a standard normal distribution. For convenience, we set d, = 1
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for k =1,---, K. In addition, nodal covariates V; = (Vj1,---,Vi5)" € R® are indepen-
dently sampled from a multivariate normal distribution with mean 0 and covariance
¥, = (0j,4,) with 0;,;, = 0.5/172l. The true value of the parameters for each group
is listed in Table 1. Furthermore, let 02 = 1 for Example 1 and 2, while 0 = 4 for
Example 3. Given the initial value Yy = 0, the time series Y; is generated according
to the GNAR model (2.3). Particularly, the first 50 replications are dropped to ensure

the time series to achieve stationarity.

It should be particularly noted that different network and momentum effects are
employed for each group to distinguish nodal behaviors. As shown in Table 1, Group 1
has relatively lower activeness level with small positive network and momentum effects
(i.e.,, /1 and [3). Group 2 is characterized by its negative network effect (i.e., (),
which implies nodal behaviors in this group exhibit a negative correlated pattern with
their connected friends. Lastly, compared with the other two groups, Group 3 occupies
a larger portion (i.e., &) and has higher momentum effect (i.e., f3). Subsequently, we

introduce two typical network structures employed in the simulation studies.

EXAMPLE 1. (STOCHASTIC BLOCK MODEL) First of all, we consider the block
structure network, which is also known as the stochastic block model (Wang and Wong,
1987; Nowicki and Snijders, 2001; Zhao et al., 2012). This model assumes that nodes
in the same block are more likely to be connected. To generate such model, we follow
Zhu et al. (2017) to set J € {5,10,20} blocks and randomly assign each node a block
label with equal probability. Next, let P(a;; = 1) = 0.3N %3 if 4 and j are from the
same block, otherwise set P(a;; = 1) = 0.3N~!. Consequently, nodes within the same

block will have higher probability to connect than nodes from different blocks.

EXAMPLE 2. (POWER-LAW MODEL) In real network, it can be observed that a

small portion of nodes (e.g., super stars and opinion leaders) have a large amount of
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network links, but the majority have limited number of connections. This phenomenon
can be described by the power-law model (Barabési and Albert, 1999). Specifically, we
generate the nodal in-degrees d; = > ; aj; from a power-law distribution, i.e., P(d; =
d) = cd—®, where ¢ is a normalizing constant and « is the exponent parameter. We set
a = 2.5 as suggested by Clauset et al. (2009), which is based on empirical studies with

real social network data.

ExamMpPLE 3. (NUMBER OF GROUPS) In this example, we evaluate the impact
on parameter estimation and prediction accuracy when the numberp of groups K
is incorrectly specified. Specifically, data are generated from the power-law model
described in Example 2 with total time periods (7" + 20). The first 7" time periods are
used for parameter estimation, and the rest 20 periods for prediction. Lastly, we set

K =1,2,3,5,7, where K = 3 is the true number of groups.
4.2. Performance Measurements and Simulation Results

For each simulation example, we consider different network sizes N = 100, 200, 500.
Accordingly, to evaluate the performances of the two proposed estimation methods,
we employ two settings of T as T = N/2 and T' = 2N respectively. For a reli-
able result, we randomly repeat the simulation experiments for R = 1000 times. Let
(BSQ, B&), Béz),?,ir)T)T € RP*3 be the estimator of the kth group obtained from the
rth replication. In addition, for each node, we are able to obtain its group label as
;:«Y’ for i =1,---, N. Specifically, for the EM algorithm, the group label is defined as
éfr) = arg maxy{Z;;}. For the two step estimation, the group label is the same with

the cluster label after the first step estimation. Subsequently, we consider the following

measurements for evaluation of numerical results.

First, for a given parameter, the root mean square error (RMSE) is employed to
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evaluate the estimation accuracy. Take the network effect 51 = (B : 1 < k <
K)' € RE for example. The RMSE is calculated over all groups as RMSEg, =
{(RK) 'K Zle(ﬁj(.z) — Bix)?}/2. Similarly, the RMSE can be computed for base-
line effect (i.e., RMSEg,) and momentum effect (i.e., RMSEg,) respectively. In addi-
tion, the RMSE for the nodal effect is defined as RMSE,, = {(RK)~' S r , 327 158 -

v||2}1/2. Next, given the estimated groups ;31.(”

, the misclassification rate (MCR) can
be calculated as MCR = (NR)"! 2% SV 15" £ 2), where z is the true group
label of the node i. Lastly, the average network density (i.e., {N(N—=1)}"1 3", . aii,)

is also reported.

Lastly, when the number of groups K is misspecified (i.e., Example 3), we evalu-
ate the impact on parameter estimation and prediction accuracy. Denote §(§K) as the
fitted response for ¢t = 1,--- ,T and predicted value for t =T +1,--- ,T + 20, where
the superscript K indicates the number of groups. In order to evaluate the parameter

estimation accuracy, we compare the fitted value Y%K)

against the conditional expecta-
tion E(Y;|F;—1, Z). This is because the comparison cannot be directly conducted for

parameter estimation error when group number K is misspecified. We then define the

estimation error as

Errl) — Z 1Y) — B(Yi R, 2)| )7,

where F;_; is the o-field generated by {Ys : s < t — 1} and E(Y,|F;_1,Z) is the
conditional expectation based on the historical and group information. Next, the

prediction error is measured by

B ey (K) 24y1/2
iy = {0N) 1 Y T[T =L
t=T+1
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(K)
pred

which is the RMSE for predicted values. The median values of both Errgg? and Err

over all replications are reported.

The detailed results are given in Tables 2-4. For the first two examples, it is found
that as the network size N and time period T increase, the RMSEs of all estimated
parameters decrease towards 0 for both EM algorithm and two step (TS) estimation.
In addition, similar pattern can be observed for the MCR, which drops as the network
size and time period (i.e., N and T) increase. For a finite sample comparison, it can
be observed that the EM algorithm outperforms TS estimation in Scenario 1 when less
time information can be obtained (i.e., small T"). Specifically, lower RMSE and MCR
values are observed. However, the TS estimation has greater advantage over the EM
algorithm in Scenario 2 in both parameter estimation and group classification. Lastly,
for Example 3, it is found that both the estimation and prediction errors drop sharply
from K < 2 to K = 3, where the model is correctly specified with K = 3. In the
meanwhile, for K’ > 3, it is observed that the estimation and prediction errors perform

relatively steady.
5. CASE STUDY

In this section, we conduct two case studies to evaluate our proposed methods.
The first is about user posting behavior on social network platform. The second is the
study of dynamic and spatial pattern of PM, 5. The adjacency matrix is constructed

between cities by taking advantage of their spatial locations.
5.1. User Behavior Analysis: A Sina Weibo Dataset

We first apply the proposed GNAR model to a social network dataset. The data

are collected from Sina Weibo, which is the largest Twitter type social media in China.
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Users are allowed to follow other users, create user profiles, and post Weibo to express
their opinions. In addition to ordinary users, the celebrities, public media, as well as
companies and organizations are also allowed to register on Sina Weibo. Therefore, the

background of users can be diversified, leading to different user behaviour patterns.

Data Description

To investigate user behaviour on Weibo, we collect data of N = 2,021 followers of
an official account, starting from 2014-01-01 for a total of 7" = 11 consecutive weeks.
The response Y, is defined to be log(1 + z)-transformed average Weibo post length
(i.e., the average number of characters posted by the user in a week), which can be
seen as a representative of nodal activeness level. The histogram of the response is
displayed in Figure 3, where an approximately symmetric shape can be observed. In
addition, two node-specific variables are recorded, the gender of the user (i.e., male =
1 and female = 0), and the number of personal labels (i.e., keywords created by the

Weibo users to describe their life status and interests).

The network adjacency matrix A can be constructed as follows, a;; = 1 if the ith
user follows the jth one on Weibo, otherwise a;; = 0. Particularly, the adjacency
matrix is asymmetric since users are not required to be mutually connected on Weibo.
We visualize the distribution of nodal in-degree (i.e., ay; = > a;) and out-degree
(i.e., aiy = >_;a;;) in Figure 4. It can be detected that the distribution of in-degree
is more skewed than that of out-degree. This implies there might exist users who

attract a large amount of followers. In addition, the network density is 2.7% (i.e.,

> @ij/{N(N —1)}), which indicates a relatively sparse network.
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Figure 3: The histogram of responses (i.e., log-transformed weibo post length).
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Figure 4: The histogram of nodal in- and out-degree of N = 2,021 nodes. A heavily skewed
shape can be detected for nodal in-degree, which indicates the existence of “super stars” in

the network.

Model Estimation and Fxplanation

Subsequently, we fit the GNAR model on this dataset. Only EM algorithm is
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applied, since the network size N is much larger than the number of time periods T'.
The number of groups is fixed to be K = 3 and the estimation results are given in
Table 5. One could see that the estimated network effect and momentum effect are
all positive for three groups. This suggests user activeness level is positively related to
itself as well as that of its following neighbors. Moreover, a stronger momentum effect
can be detected compared with the network effect. At last, the estimated nodal effects
indicate that the male users with more self-created labels exhibit higher activeness

levels.

For further illustration, we conduct comparison among groups. It can be noted
that Group 1 and Group 2 occupy a large portion of all network users (with larger
estimated « values). Specifically, they both have larger network effects (i.e., the esti-
mated f; values) than that of Group 3, implying that users in these two groups tend
to be influenced by the ones they follow. When looking at momentum effect (i.e., the
estimated [, values), it can be observed that users in Group 1 and 3 are more self-
motivated than Group 2. Particularly, Group 3 has the largest momentum effect while
the smallest network effect. This indicates user behavior of this group can be highly

predictable by the history.

Moreover, we draw the boxplot of the responses in a grouped manner in Figure 5.
A higher activeness level can be found for Group 3. Actually, users in this group are
mostly public media accounts and celebrities with a large amount of followers, such as
“Sina Finance”, “Xinhua Views”, “Beijing Youth Daily”, “Phoenix TV”, and many
others. These accounts generate contents and release information on the platform fre-
quently such that they can pass information and influence other users. On contrary,
most users in Group 1 and Group 2 are ordinary users who play the role of information

adopters. Lastly, we conduct a model comparison with the network vector autoregres-
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sion model (Zhu et al., 2017), and the univariate autoregression (AR) model. The first
9 weeks are used for model training, and the last 2 weeks are employed for prediction
evaluation. The predictive root mean square error (RMSE) is used to quantify the
prediction accuracy of different models, which are 0.809, 0.850, and 2.312 respectively.
It can be observed the predictive RMSE of GNAR is lower than that of NAR and AR,

which indicates a better prediction power of the GNAR model.
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Figure 5: The boxplot of log-transformed weibo post length for each group.

5.4. Air Pollution Analysis: A PMs s Dataset

In recent years, the issue of air pollution in China has drawn world wide attentions.
One particular air pollution is called PM, 5, which refers to the airborne particles with
aerodynamic diameters less than 2.5 micrometers. There have been evidences that
the high concentration of PMs 5 may cause severe clinical symptoms, such as lung
morbidity, respiratory and cardiovascular diseases. Hence, it is of great importance to

understand the PM, 5 distribution and diffusion pattern across China.

Data Description
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The PM, 5 data are collected from air quality monitoring stations over 291 cities
in mainland China. Specifically, the daily PMy 5 index (unit: ug/m?) is recorded from
2015-01-01 to 2015-12-31 with T" = 365. The left in Figure 6 gives the time series
of average daily PMy 5 of all cities during 2015. A high PM, 5 level can be found in
winter (November, December, and January) with highest PMy 5 over 100ug/m?®. We
then take the yearly average of PMsy 5 in each city and display it in Figure 7, where
darker regions imply higher PM, 5 levels. Spatially, the northeastern regions in China

(especially in Heibei province) exhibit higher concentration of PM, 5.

The response is defined as the log-transformed PM, 5 levels, where the histogram
is displayed in the right of Figure 6. A symmetric shape can be observed. In order to
construct the network structure, we treat each city as a node. The adjacency matrix
A is constructed by using spatial distances between any two cities. Let sy, , sy
(s; € R?) be the locations of N cities. Then a;; is defined as a;; = 1/]s; — s;|| for i # j

and a; =0fori=1,--- N.
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Figure 6: The left panel: daily average PMs 5 in the year of 2015; The right panel: the

histogram of log-PMs 5.
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Figure 7: Average PMy 5 for each city in the year of 2015. The grey color indicates absence

of PMjy 5 monitoring stations in corresponding cities.

Model Estimation and Ezplanation

Motivated by the descriptive analysis, we model the dynamic patterns of different
seasons separately, which are spring (March to May), summer (June to August), au-
tumn (September to November), and winter (January to February). Intuitively, the
number of groups should be large in winter since the pollution level is relatively high.
As a result, we set K = 3 for winter while K = 2 for the other seasons. The GNAR
model, NAR model, and AR model are estimated for prediction comparison. The G-
NAR model is estimated using the proposed EM algorithm and two step estimation
method respectively. For each season, the last 10 days are used to conduct prediction,
and the prediction RMSEs are summarized in Table 6. It can be observed that the
EM algorithm always outperforms other methods in terms of prediction accuracy. We

next illustrate the detailed estimation results by taking advantage of EM algorithm.

The estimated regression coefficients are given in Table 7. We take the results of

winter for detailed explanation. First of all, the number of cities in 3 groups is un-
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balanced, where the proportions are 0.30, 0.12, and 0.58 respectively. It is noteworthy
that the first and second group have relatively large baseline effect, which indicates
that air pollution in these cities is much more severe. From Figure 8, it can be ob-
served that cities in group 1 and 2 locate in northeastern China. Furthermore, cities in
group 1 and 3 have large network effect, which implies that cities in group 1 and 3 are
more likely to be influenced by their spatial neighbors. For the other seasons, it can
be detected that the patterns in summer and autumn are very similar. This is mainly

because that the pollution level is relatively lower in those two seasons.

Regarding this real example, we have two more remarks to make. Firstly, it can be
noted that the network structure in this example is symmetric (i.e., a;; = a;j;). Recall
that when the network structure is asymmetric (as in the social network case), the term
n; 'y ; @iYj(t—1) represents the averaged responses of those nodes that 7 follows. As a
result, network effect 5; can be viewed as the “influence” that i receives from the nodes
it follows (i.e., those js with a;; = 1). When the adjacency matrix is symmetric as
shown in this example, the term n,; 'y ; @i5Yj(—1) represents the averaged responses of
those nodes that 7 is connected to. The corresponding parameter 3; can be understood
as the “connection” or “correlation” rather than “influence” that node i receives from
its connected neighbours. Secondly, in this example, no node-specific covariates are
utilized due to our lack of access to more information. It would be an important future
research topic to consider nodal effect variables (i.e., ;) such as temperature, humidity

and wind speed into the modelling framework.
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Figure 8: Different groups of cities detected by EM algorithm for spring (left top panel),
summer (right top panel), autumn (left bottom panel), and winter (right bottom panel).

Cities in Group 1, 2, 3 are marked as red, blue, and yellow.

6. CONCLUDING REMARKS

In this article, we develop a novel GNAR model, which incorporates group specific
network autoregression coefficients. To estimate the GNAR model, an EM algorithm
and a two step estimation are designed. It is suggested by the numerical result that
both methods produce consistent results, while they could have different finite sam-
ple performances with different scenarios. Lastly, the Sina Weibo and PMs 5 datasets
are analyzed for illustration propose, where nodes in the different groups show distin-

guished behavioral patterns.

To facilitate future research, we discuss here several interesting topics. First, it
can be noted that although the estimation and group classification procedure have

been developed in this work, however, it is not flexible to conduct inference about the
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estimated parameters. Therefore, how to make inference can be a problem of interest.
Next, for the proposed estimation methods of the GNAR model, the number of groups
K needs to pre-specified. Hence how to select K remains to be a challenging task.
Lastly, it is assumed that the users can be grouped by their dynamic behavior patterns,
which are further quantified by the network autoregression coefficients. As a further
extension, one could consider incorporating user network structure information (e.g.,

the following-followee information of the focal user) together to decide their groups.
APPENDIX

We present here the detailed technical proofs of Lemma 1-Lemma 4 in Appendix
A. Next, the proofs of Theorem 1 to Theorem 3 are given in Appendix B, C, and D

respectively.

Appendiz A. Four Useful Lemmas

Lemma 1. Let X = (X1,---,X,,)" € R", where X;s are independent and identical-

ly distributed random wvariables with mean zero, variance 0% and finite fourth order
moment. Let Y, = Z;io GIUE,_;, where G € R™", U € RN and {&} satisfy Con-
dition (C1) and are independent of {X;}. Then for a matric A = (a;;) € R™™ and a
vector B = (by, -+ ,b,)" € R™, it holds that

(a) n'B"X —,0ifn?B"B—0 as n — oo.

(b) nT'XTAX —, 0% lim,, oo n 1 tr(A) if the limit exists, andn=2tr(AAT) = 0 as n —

Q.

(¢c) (MT) P BTY, =, 0 if n L S22 (BTGIUUT(GT)B)Y? = 0 as n — oc.
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(d) (nT) S YT AY] =, limy, oo 0~ Hr{ AT(0)} if the limit exists, and n™" 372,

Z;’io[757“{UT(GT)iAG'jUUT(GT)J'ATG"U}]V2 — 0 as n — oo.

(e) (nT) P XTAY] =, 0 if n ' S22 [tr{ AGPUUT(GTYATHY? = 0 as n —

.

Proof: The detailed proof can be found in Lemma 1 of Zhu et al. (2017).

Lemma 2. Assume ming Ny = O(N?) and the stationary condition cs < 1, where
cg = maxy(|Sik| + |Bak|). Further assume Conditions (C1)-(C3) hold. For matrices
M, = (ml(]l)) € R"™P gnd My, = (mg)) € R™?  define My < My as mg) < mg) for
1<i<nandl <j<p. In addition, define |M|. = (|m;;|) € R™P for any arbitrary
matrizc M = (m;;) € R™P. Then there exists J > 0, such that

(a) for any integer n > 0, we have

|Q"(QT)"|e < nJc%"MMT, (A1)
G"Sy|e < an’ MM, (A.2)

where M = C17" + Z;’:O Wi, C > 1 is a constant, w is defined in (C3.1), and « is a
finite constant.

(b) For positive integers ky < 1, kg < 1, and j > 0, define gjp 1 (G, WH) =
(WE){g/ (G )7}

(WETk| e RN*N . In addition, define (W)Y = T, = (Iy,,0) € RNe<N_ For

integers 0 < ki, ko, mq,mo < 1, as N — oo we have

1/2
N_l {/‘LngJCLkQ (gv W(k)):u} - 07 (AS)

WE

0

<.
I

(1] 00000 (G W O)gs G W] 00 (A

b
IM8

0

g
<
Il
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where |ple < ¢,1 and ¢, is a finite constant.
(c) For integers 0 < ki, ky < 1, define fi, 1, (W® Q) = |[(WE)rrQkz(WW R Tk ¢

RY*N “where Q is given in (C3). Then for integers 0 < ky, kg, my,my < 1, as N — 00

we have
N_2MTfk1,k’2(W(k)a Q):u - 07 (A5)
{fkl o (W9,Q) s (WO, Q) =0, (A.6)
1/2
N ] fuas VD, Q)i s (G W || =0, (A7)
=0
where |ple < ¢,1 and ¢, is a finite constant.

Proof: The proof is similar in spirit to Zhu et al. (2017). Therefore, we give the
guideline of the proof and skip some similar details. Without loss of generality, we let
cg = |Pu| + |Ba]| (e, k = 1). Consequently, we have |G| < |511|W + |Bau|l. Let
G = |11|W + |B21|I. Follow similar technique in part (a) in Lemma 2 of Zhu et al.
(2017), it can be verified

1G"|e = nchM (A.8)

where M = Cln" + ijo W is defined in (a) of Lemma 2. Subsequently, the result
(A.1) can be readily obtained. Next, recall that ¥y = (I — G)™'¥,(I — G")!
Z;io G (GT) = (Z;io gj)ZZ(ZJ o(GT) )+Z] 0 GIE(GT). Let 02 = maxy {7,
3} and 02 = max{o7). Then we have |07y, < 02(X3%, 171 (520 [(67)L) +
P 1G" ). |(GT)|. Subsequently, (A.2) can by obtained by applying (A.8). Next,
we give the proof of (b) in the following. The conclusion (c¢) can be proved by similar

techniques, which is omitted here to save space.

Let ki = ko = 1. Then we have g;,,(G, W®) = [WHGIGITWHET| Recall that
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W® = (w1 € Mg, 1 <j < N)eR¥>N_ Since we have |u|. < ¢,1, then it suffices
to show » 7%, N 1T g;11(, I/V(’f))l}l/2 — 0. We first prove (A.3). By (A.8) we have

WW®GI|, < 55(181] + | B )WHEI M. As a result, we have
(WOGHGTY WO < 525161 + [B2])¥ M, (A.9)

where M is defined as M = W®MMTW®T As a result, we have > o NH{1Tw®
QJ'(QT)J'T/V(’“)Tl}I/2 < N 'ag (1T M1)V2) where oy = Z;’inKcé < 0o. Then it leads
to show N, *1T M1 — 0. It can be shown 1" M1 = NZC' Y. 7TJ2-+2]K:1 1TW®EWI(WT)

WHTLL2N,C Y a T (WTYWET1HY  ATWHWHWTWHETL For the last two

i#]
terms of 1T M1, by Cauchy inequality, we have

NS AT WL < Nk<Z71-2)1/2{1Tw(k)Wj(WT)jw(k)T1}l/27

J
J J

and Zz‘;ﬁj 1Tw(k)wi<wT)jw(k)T1 < Zi;ﬁj {1Tw(k)wi<wT)iW(k)T1}1/2{1Tw(k)Wj

(WT)jW(k)Tl}l/Q. As a result, it leads to show

iwj.’ —0 and NIZUTWOWIWHIWETL 0 (A.10)

j=1
for 1 < j < K + 1. As the first convergence in (A.10) is implied by (C2.1), we
next prove N, *1TW®OWI(WTYWH®TL — 0 (1 < j < K). Recall that W* =
W+WT. Therefore, we have N, *1TW®OWI(WTyWHETL < N=21TWw R W21k Ty,
Then it suffices to show N=21TW®W*217*)T1 — 0. By eigenvalue-eigenvector de-
composition of W* we have W* = >, M(W*)upuy, where A\(W*) and u, € RY
are the kth eigenvalue and eigenvector of W* respectively. As a result, we have

NATWEW2 W T < N2\ (WHF(ATWEWETL) (1 < j < K). Further
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we have 1TW®WETL < Npdpax (WEWET) Note that WHEWET is a sub-matrix
of WWT with row and column index in M. Therefore, by Cauchy’s interlacing The-
orem, we have Ay (W ®)

WHETY < Xpax(WWT) = O(N?) for § < 6. Since we have miny, N, = N? for § > 0,
then we have Ny Ay (WHEWHET) — 0 as N — oo, As a consequence, the second ter-
m in (A.10) holds. Similarly, it can be proved that (A.10) holds for all 0 < ky, ke < 1.

As a result, we have (A.3) holds.

We next prove (A.4) with ky = ks = mq = me =1, and g;11(G, W(’ﬂ))gj’m(g’ W(k)) -
(WRG(GTYWRTWEGH(GTYWHET|,. Then it can be similarly proved for other cases

(i.e., 0 < ky, ky,my, me < 1). Note that by (A.9), we have

/

1/2

. . . . 1/2 .
[tr{W(k)gz(gT)zw(k)Tw(k)gJ (gT)Jw(k)T}} < inK(|61’ + |52’)Z+jtr{./\/l2} .

It then can be derived that N, ' S°%°_ [tr{W®G (G WO TW®Gi(GTyiw kT2 <

1,7=0

aQNk’ltr{MQ}l/Q. In order to obtain (A.4), it suffices to show that
N, 2t {M?} — 0. (A.11)

Equivalently, by Cauchy inequality, it suffices to prove (3 72)? — 0, and N, *tr{W® W~
Wi T W®TW®E Wi T WwkTY 0 holds for 1 < j < K. It can be easily verified the
first term holds by (C2.1). For the second one, we have N, *tr{ W *) Wi T WO Ty E
WiTW®TY < N2 {WE (WS WETY < N2A o (W)Yt (WOWETY < N22N,
Amax(W) X\ pax (WW ). Similarly, due to that Apay(W*) = O(log N) and A (WWT)
= O(N?) in (C2.2), we have Ny ' Apax (W)X WWT) — 0 as N — oo. Conse-

quently, we have (A.11) and then (A.4) holds. This completes the proof of (b).
Lemma 3. Let {X;; : 1 <t < T} and {Yy : 1 <t < T} be random sub-Gaussian time
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series with mean 0, var(Xy) = 0440, var(Yy) = 0iyy, and coo( Xy, Yi) = 0i4y. Let
Ovitity = OV Xity, Xity) and Xy = (Opipyey + 1 < 1,80 < T) € R™T. Similarly, define

Oyityty and By, € RT>T . Then we have

T
P11 XY = 01y

t=1

> 1/) < cl{ exp(—coo, 2T 1V%) ‘|—6Xp(—C20';i2T2I/2)} (A.12)

for [v] <6, where o; = tr(X2,), o) = tr(X2;), c1, ca, and § are finite constants.

Proof: Let X; = (Xi1,---, Xor)" € RT and Y; = (Yi1,---,Yir)" € RT. In addition,
let Z; = Z; +Y;. Therefore, we have 7, Z; = 271(Z Z; — X' X; — Y,'Y;). It can be

derived that

P{ITN(X'Y)) = 0iy| 2 v} < PUT™HZ Zi) = (0100 + Oigyy + 20i0)| = 1}

+ P{T (X X) = Oiae| =} + P{IT (YY) = 0| > 11}, (A.13)

where 11 = 21/3. Next, we derive the upper bound for the right side of (A.13). Note
that X' X;, Y;'Y;, and Z; Z; all take quadratic form. Therefore the proofs are similar.
For the sake of simplicity, we take Y;"Y; for an example and derive the upper bound for

P{In"Y(Y;"Y;) — 0i4,| > v1}. Similar results can be obtained for the other two terms.

First we have V,7Y; = V%, /?%,,5 %Y, = V'8,,Y;, where Y; = %, '/?Y; fol-
lows sub-Gaussian distribution. Let A\; > Ay > --- > Ap be the eigenvalues of ¥,,.
Since ¥,; is a non-negative definite matrix, The eigenvalue decomposition can be ap-
plied to obtain X,;, = UTAU, where U = (Uy,---,Ur)" € R™*T is an orthogonal
matrix and A = diag{\;, -+ ,Ar}. As a consequence, we have Y,'Y; = > \(7,
where (; = UJ?} and (;s are independent and identically distributed as standard
sub-Gaussian. It can be verified (? — 1 satisfies sub-exponential distribution and

T3, M) = 0iyy. In addition, the sub-exponential distribution satisfies condition
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(P) on page 45 of Saulis and Statuleviveccius (2012). There exists constants ¢,
o, and & such that P{|T'(Y;'Yi) — 05y > i} = P{O, M(G — 1) > Ty} <
crexp{—c (3, A) T2} = ¢y exp{—cy0,;'T**} for |v| < § by the Theorem 3.3 of
Saulis and Statuleviveccius (2012). Consequently, (A.12) can be obtained by appro-

priately chosen ¢y, ¢o, and 4.

Lemma 4. Assume Yy follows the GNAR model (2.3) and |cg| < 1. Then there exists

finite constants c1, co, and 9, for v < 6 we have

T

P{T> Vi -y — e/ Syei| > v} <or, (A.14)
t=1
T

P{|T_1 ZYit(wiTYt) — ,uYi(wiTuy) — wiTEyei > V} < Or (A.15)
t=1
T T

P{T™S Yigoneu| > vy <op, P{TY (wYi)eu| > v} < or, (A.16)
t=1 t=1

T

T
P{T™S Yigory — ] > v} <ér, P{TY wY—wlpy| > v} <o, (A17)
t=1

t=1

where 7 = ¢y exp(—cTV?), e; € RY is an N-dimensional vector with all elements

being 0 but the ith element being 1, and p; = e, py .

(]

Proof: For the similarity of proof procedure, we only prove (A.14) in the following.
Without loss of generality, let uy = 0. Recall that the group information is denoted
as Z = {zy : 1 <i < N,1 <k < K}. Define P*(-) = P(:|Z), E*(-) = E(:|Z), and
cov*(:) = cov(-|Z). Write V; = (Yi1,-+-,Yir)" € RT. Given Z, ) is a sub-Gaussian
random vector with cov();) = X; = (0i4,1,) € RT*T, where 04,4, = €] G''"2Xy¢; for
ty > ty, O, = €, Dy (GT)2 e, and G is pre-defined in (2.5) as G = BiW + By.
It can be derived var*(Y, Vi) < ctr(¥?), where ¢ is a positive constant and tr(¥?) =
T(e] Sye)? + 23T — t)(e] G'8ye;)?. Tt can be derived [Yy|. < aMMT and

G'Sy|e < ant’ s MM T by (A.2) of Lemma 2, where ¢g, J and M are defined in Lemma
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2, avand o are finite constants. In addition, it can be verified 3", (T —t)t*/¢% < asT,
where «; is a finite constant. Therefore we have tr(3?) < T(a+2ay00){(ef MM "e;)?}.
Since we have e] MM Te; < (J+1)e; M1 < (J+1)? = O(1), it can be concluded that
tr(X?) < Tas, where as = (a + 2a105)(J + 1)2. By Lemma 3, the (A.14) can be

obtained.
Appendiz B. Proof of Theorem 1

Let \;(M) be the ith eigenvalue of M € RY*N. We first verify that the solution
(2.6) is strictly stationary. By Banerjee et al. (2014), we have max; |A\;(W)| < 1. Hence
we have

max |[A;(G)] < ( max |Bik|) ( max |X\(W))) +1I<I}€8%>§(\52k| < 1. (A.18)

1<i<N 1<k<K 1<i<N

Consequently, we have lim,,,_,, Z;n:o GI&,_; exists and {Y,} given by (2.6) is a strictly
stationary process. In addition, one could directly verify that {Y,} satisfies the GNAR

model (2.3).

Next, we verify that the strictly stationary solution (2.6) is unique. Assume {Y;}
is another strictly stationary solution to the GNAR model (2.3) with E|Y,| < oo.
Then we have %V{t = Z;n:_ll G (By + &—j) + gm§(t,m for any positive integer m. Let
p = max,(| 81| + | Bax|). Then one could verify E||Y, —Y,|| = E|| > G (Bo+ &) —
ng}t_mH < Cp™, where C' is a finite constant unrelated to ¢ and m. Note that m can
be chosen arbitrarily. As a result, we have that E|Y, — Y,|| = 0, i.c. Y, = Y, with

probability one. This completes the proof.

Appendiz C. Proof of Theorem 2

35



According to (3.2), 0}, can be explicitly written as 6, = 0), + i’lé\k, where 3, =
(NT)' S0 X@;X@l and ¢, = (N, T)! ST xP el ") Without loss of generality,
we assume o; = 1 for k =1,--- | K. Let &), = limy_ E(ik) As a result, it suffices

to show that

Sk —p Shs (A.19)

VINLTG, = 0,(1), (A.20)

as min{ N, T} — oco. Subsequently, we prove (A.19) in Step 1 and (A.20) in Step 2.

STEP 1. PROOF OF (A.19). Define Q = (I — G)'Xy(I — G")"L. In this step, we

intend to show that ik =

1 Slg Slg 814 1 Cip Cop OT
T Soa Sez S Y Yy Kgy '
1 . . 22 D23 D24 1 2 87 2z
o O K = G oo
= Szz  Ssa Y3 K3y X,
844 Ez
where
- 1 <&
Si2 = ﬁ Z wiTYtA, Si3 = ﬁ Z Y(t 1) Sty = — Z VT
k=1 iem, k5521 iem,, kiemy
1 T
822 - W Z Z (wiTYt_l)Q, 823 = m Z Z w; Yt 1Y t—1)»
t=1 ie My t=1 ie My
1 <& 1 &
_ T T
S R 0D DI BUAE RS D) DT
t=1 ie My, t=1 ie My,
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Ssa = (M) ™' oy Yienn, Yieen)Vi's Sua = Nt 3o uq, ViV By (2.6), we have
Y= —=G) b+ (I —G) b, + Y, (A.21)

where by = >, Dy Bok, by = >, DpVy, and Y, = Z;io G7&,_;. By the law of large
numbers, one could directly obtain that S4 —, X, and S14 —, 0. Subsequently, we

only show the convergence of Si5 and So3 in ik as follows.

CONVERGENCE OF Siy. It can be derived that

17w *
Z 1TW(k)Yt,1 = T/JY + SlQa + SlQb;
k

where Syo, = N '1TW®H(I — G)71b, and Si9p = (N, T)7? ZtT:1 1TW®Y,_,. Then by
(A.5) and (A.3) in Lemma 2, we have N, 21TW®QW®T1 — 0 and N, ! > e {1Tw®
QJ'(QT)JT/V(’“)Tl}l/2 — 0, as N — o0o. As a result, it is implied by Lemma 1 (a) and

(C) that Slga —p 0 and SlQb —7p 0.

CONVERGENCE OF So3. Note that

T
823—%2210 Yy 1Yt1 NkTZYtl Ytl

t=1 ie My
M( )Ty ) 1y

N + Sa3q + Sasp + Saze + Sazq + Sage,
k

where Sp3, = Ny '] Z] W ®b,,, Spy, = N 1T S YPTW®Y,_; and Sy = N'T
SO LTWOY, Y ZTWED,), Sasg = Nt (0 Z] iy + 13- Z) by), Saze = Ny ' T
Zt 1( tk)lTNY + ,UYITW(k)Yt 1), where fiy = W(k),uy and gv = (I - g)—l

We next look at the terms one by one. First we have N, *tr(Z,QZ] WH QW ®T) —

0 by (A.6) in Lemma 2 (c). Therefore, by (b) in Lemma 1, we have Sa3, —, S234, Where
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Sa3a = My, 00 F(S234). Next, for Sqg, we have N,;l Z;j':o tr{(ZG (G )T, WRGi(GT)I
*®TY — 0 by (A4) in Lemma 2 (b). Therefore, by (d) in Lemma 1, we have
Sazp —>p Sasp, Where Sogp = limp, o0 £(Sa3p). Next, let Soz. = 8236 + S%)C, where S%)C =
NATAIST B ITTW®Y,_ ) and S5, = NoT L Y], I W®b,. Note that we
have N7t 3772 o tr{ WG (GTYWHTL,QL} — 0and Nt 372 tr{Z,G/ (G T ) T W)
QWW®TY — 0 by (A.7) in Lemma 2 (c). Therefore, Sp3. —, S23c by (e) in Lemma 1,
where So3. = limp, 00 £(S23.). Next, by similar proof to the convergence of Sy3, we

have that Sg3q —, 0 and Sg3c —, 0. As a consequence, we have Sy3 —), 2.

STEP 2. PROOF OF (A.20). It can be verified that v/N,TE((,) = 0. In addition, we

have Var{\/NkTEk} = E(ik) — Y as N, — oo. Consequently, we have \/NkTEk =

O,(1).
Appendiz D. Proof of Theorem 3

Let 3 = T7' S50 Xy X iy = (605) € R¥® and B0 = 771X Xi-1)0
;). We then have

~

by — b; = ()18l

Let 5% — (Gujrin : 1 <li1,ly < 3) € R¥3 where the index i of 6, ,;, is omitted. Specif-
ically, 6,11 =1, 0512 = 7! Zt wiTthl, Oz,13 = Tt Zt €iTYt71, Oz22 = ! Zt z(t 1)’
Opoz =T71%, Yi(t_l)(wiTYt_l), Opaz =T} Zt(wiTYt_l)Q. Mathematically, it can be
computed (S = [E0P718:9 ) where |SY| is the determinant of S, and 37
is the adjugate matrix of £\, and ¥;® = (G5 1,1,), Where 67 1) = 04200033 — G2 93,
&;,12 = 6-307135-36,32 - 5-m,125-x,33 &;,13 = a-313721(3-35,32 - 5-x,22a-w 31, a-;;22 = OA-:L’ 116-$ 33 — 6-323 13>
093 = 02130232 — 02,1204,33, and G 33 = G110, — . It can be derived \E ’)] =

2 A~ A A ~ A A A A A A .
o 11(% 220433 — 0 23) Ux,12(01,12033 —0130793) +U13(012023 —092013). By the maximum
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inequality, we have

N
P(sup [[b; — bl > v) <Y P([|b; = b]| > v). (A.22)
i =1
In addition, we have
P(|lb; = b;]| > v) < P(|[E0] = 0| > ;) + P(|Z050 | > o), (A.23)

(4)

h i) 2 _
where oy = 01,11(%,22%,33 - %,23) - Ux,lQ(Uz,12U33 - 013023) + 013(012023 - 022013) =

(ef Zye;)(w Syw;) — (e Syw;)?, 6; = 09/2. By lemma 4, for each component of |§A]§f)|
we have P(|Gz1,1, — Ouiyis] > v0) < 1 exp(—cT13), where 0,4, = E(644,1,) and 1 is
a finite positive constant. Moreover, by the conditions of Theorem 3, we have ag(f) > T
with probability tending to 1. Consequently, it is not difficult to obtain the result
P(] |§]§§)| —ai(f)] > ;) < ¢ exp(—csTT?), where ¢, ¢ are finite constants. Subsequently,
we have P(|S:VSW| > s,0) < P(S:YSY| > 71//2). By similar technique, one could
verify that each element of S50 and B converge with probability and the tail proba-
bility can be controlled, where the basic results are given in Lemma 4. Consequently,
there exists constants ¢; and ¢} such that P(|S:VSY| > rv/2) < ¢ exp(—ciTT22).
Consequently, we have P(||b; — b|| > v) < ¢ exp(—ciT72) + ¢ exp(—c;TT20?) by
(A.23). By the condition N = o(exp(T’)), the right side of (A.22) goes to 0 as N — oc.

This completes the proof.
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Table 1: Parameter Setup for Examples 1-3 in the Simulation Study.

a Po B B 2
Example 1 & 2

GrourP 1|02 0.0 0.1 0.3 (05,0.7,1.0,1.5,—-1.0)"
GroupP 2 0.3 0.2 -0.3 0.2 (0.1,0.9,0.4,-0.2,—1.5)T
Grourp 3 |05 05 02 0.7 (0.2,-0.2,1.4,-0.8,0.5)"
Example 3

GrouP 102 50 02 0.1 (0.5,0.7,1.0,1.5,—1.0)T
GROUP 2 | 0.3 -5.0 -0.4 0.2 (0.1,0.9,0.4,—0.2,—1.5)T
GrouP 3|05 0.0 02 04 (0.2, -1.0,2.0,3.0,—2.0)7
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Table 2: Simulation Results with 1000 Replications for the stochastic block model. The
RMSE (x10?) are reported for the EM and TS estimation respectively. The network
density (ND) and the misclassification rate (MCR) is also reported in percent (%).

N Est. « 60 51 52 Y ND MCR
Scenario 1. T'= N/2

100 EM | 3.63 30.80 10.96 14.56 49.64 | 2.2 11.1
TS | 892 110.00 28.13 3891 175.10 | 2.2 424

200 EM | 2.10 1486 6.42 11.09 265411 3.8
TS | 7.56 46.74 2219 34.66 7544 | 1.1 31.3

500 EM | 0.82 7.07 3.06 571 11.04] 04 0.9
TS | 6.72 19.00 12.56 22.58 4859 | 0.4 14.7
Scenario 2. T = 2N
100 EM | 4.08 41.67 1224 17.60 56.03| 2.2 13.3
TS | 6.6 3743 13.86 21.51 60.08 | 2.2 15.0

200 EM | 249 1737 6.90 1248 30.03 | 1.1 4.7
TS | 449 1233 7.20 11.57 2834| 1.1 48

500 EM | 1.04 882 319 6.76 1395| 04 1.1
TS | 1.42 3.84 142 231 716 | 04 03
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Table 3: Simulation Results with 1000 Replications for the power-law model. The
RMSE (x10?) are reported for the EM and TS estimation respectively. The network
density (ND) and the misclassification rate (MCR) is also reported in percent (%).

N Est. (67 60 51 52 Y ND MCR
Scenario 1. T'= N/2

100 EM 3.21 28.42 9.69 12.75 43.40 | 2.3 9.4

TS | 14.22 72.19 39.86 35.14 116.84 | 2.3 32.0

200 EM 1.74 13.15 5.67 9.86 23.44 | 1.2 3.5

TS | 12.08 34.17 27.13 2783 6449 | 1.2 18.0

500 EM | 0.78 594 267 555 11.001] 0.5 0.8

TS 7.15 15.46 12.04 13.17 32.13| 0.5 4.5
Scenario 2. T = 2N

100 EM | 3.79 36.09 11.19 16.27 50.06 | 2.3 12.0

TS 6.15 14.07 10.01 13.95 30.63 | 2.3 4.4

200 EM 2.33 17.64 6.65 11.67 2750 | 1.2 4.7

TS 2.99 6.20 4.00 6.14 14.08 | 1.2 0.9

500 EM | 0.74 570 242 492 10371 0.5 0.7

TS 0.02 035 0.12 0.39 0.64 | 0.5 0.0
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Table 5: The detailed GNAR analysis results for the Sina Weibo dataset.

Regression coefficient Group 1  Group 2 Group 3
GROUP RaTIO (v) 0.447 0.361 0.192
BASELINE EFFeECT (f)) 0.857 1.681 0.236

NETWORK EFFECT (/) 0.031 0.026 0.002
MoOMENTUM ErreECT (f2) | 0.765 0.396 0.958
GENDER () 0.077 0.155 0.009
NUMBER OF LABELS (72) 0.006 0.018 0.002

Table 6: The prediction RMSE for PMsy 5 dataset using GNAR model (with EM and
TS estimation respectively), NAR model, AR model.

GNAR (EM) GNAR (TS) NAR AR
SPRING 0.375 0.387 0.388 0.739
SUMMER 0.328 0.328 0.330 0.941
AUTUMN 0.439 0.439 0.441 1.122
WINTER 0.546 0.565 0.561 0.955

46



Table 7: Estimation results of the PMs ;5 dataset by EM algorithm. Two groups are
set for spring, summer, and autumn. While in winter, the number of groups is chosen

to be K = 3.

Spring Summer Autumn Winter
Group 1 2 1 2 1 2 1 2 3
GROUP RATIO (a) 0.61 0.39|0.67 033 |0.53 047]0.30 0.12 0.58
BASELINE EFFECT (f)) 1.26 0.77 | 0.46 0.55 | 0.25 0.41]1.80 1.39 0.20
NETWORK ErrecT (f;) |0.14 0.11]0.20 -0.04 | 0.32 0.11 |0.16 0.05 0.20
MoOMENTUM EFFECT (fs) | 0.55 0.65 | 0.67 0.87 | 0.62 0.76 | 0.43 0.57 0.74
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