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This is a supplementary material that contains the verification of (2.6)
and (2.7), proofs of Theorem 1, Theorem 4, Theorem 5, two useful lemmas,
and Proposition 2. Lastly, the numerical verification of conditions (C2)—(C3)
are also included.

1. Verification of (2.6) and (2.7). First, by Taylor’s expansion, (I —
BIW = Bol) ™ = (1= o) HI + (1= Bo) ' B1W + (1 — Ba) 2BFW2 4 - -}
As a result the stationary mean in (2.4) can be written as

1 B 8t
"= 1—52{I+ 1—52W+ (1 — Bo)?
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1—ps 1*ﬁ2W)BO’

where the last equation is approximated by the first order Taylor’s expansion
and max; |\;(W)| < 1. Next, one can verify that Y, = By + GY;—1 + & =
pHEAGE+ G E o+ A GFE = Y0 GRE . Recall =
By + GBy+ - = (I — G)~'By. Then, we have T'(0) = cov(d 2o, G*E—k) =

W2 .. )B,
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where the last equation is approximated by the first order Taylor’s expansion
and max; |A;(W)| < 1. This completes the proof.
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2. Proof of Theorem 1. Denote A\;(M) as the ith eigenvalue of any
arbitrary matrix M € RV*N_ We first verify that the solution given by (2.3)
satisfies strict stationarity. To this end, note that max; |\;(W)| <1 [1], and

@O o= max NG| < 151 max INOV)| + 5] <1
1
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It holds that limy, e D272 GI&,_; exists, and then {Y,;} defined in (2.3) is
a strictly stationary process. It is straightforward to verify that {Y,} sat-
isfies the NAR model (2.2). Next, we verify the uniqueness of the strictly
stationarity solution (2.3). Assume that {Y;} is another strictly stationary

solution to the NAR model with E||Y;|| < oco. Then Y; = Z;”;ll G (By +
i)+ G™Y,_,, for any positive integer m. Hence by (2.1), E||Y; — Y¢|| =
B> %,, GV (By + &—j) — G™Yi_pm|| < Cp™, where C is a constant inde-
pendent of ¢t and m. Note that m is chosen arbitrarily. Hence, we have that
E|Y; — %V{'tH =0, ie. Yy = Y, with probability one. This completes the
theorem proof.

3. Proof of Theorem 4. Note that E|Bj + & ;e < (|6o] + E|\Z[~| +
Eleit])1np. Let p =3P | pm, where pp, = |aum| + |Bm|. We then can verify
that "Ly = (pLys L))" and [G™2]o Ly = {(pp1+50,y p) L o1
1E(p_2)}—r < (plg—N, 1L(p_2))—r. Similarly, |G*"|c1np < plnp for n =3, ..., p.
As a result, the rest follows the proofs of Theorems 1 and 2 by noting that

p<land (I —G*)™'B;=(-G)'Bo.

4. Proof of Theorem 5. From Theorem 4, we have Y; = JY; =
(I-G)'Bo+> 72, 3G Er ;= (I-G) ' By+ 372, IG*TTEj, and hence

(4.1) Ye=chl,+(I-G)'Zy+ ) 36376,
§=0

which is in the same form as the decomposition of (A.3) for the NAR model.
We then establish similar results as in Lemma 2, therefore Theorem 5 can
be proved subsequently as Theorem 3. Note that

WW—C%W+%H ~-I%W+%H>

INp-1)  Ongp-1),n

Let J = 1;— ® Iy, and then f\G*\;ﬁT has a polynomial form of

(4.2) Jer st =3 apwn,

m=1

where W0 = T and agf )s (1 < k < p) are nonnegative coefficients.

We then derive an upper bound for Y " _, agff), thus the upper bound for

13G*™ 37|, and [JG*"TT3(G*T)"TT|. can be established. To this end, define
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a p X p matrix function

& — laa| + |81 -+ oyl + (5]
I 0 ’

and it can be verified that 1; &"1, = Z%:l aﬁ,? ), where the coefficients a,(g )s
are the same as in (4.2). Moreover, we have ) " al) = 1,61, < Cp/P,
where C is a constant. Note that J < J. Together with (5.7), we can establish
the upper bound for |JG*"J7J(G*T)"J"|., which is similar to (B.1) in the
proof of Lemma, 2.

To extend (b) and (c) in Lemma 2, note that for integers ki, k2, and
n > 0, define

G (G W) = WA (3G T YT YR (WY, € RN <N,

and
FemW,Q) = (WhQrk(WTyk |, e RNV,

It is noteworthy that g;-"khk.Q(G*, W) and f;th(VV, @) are g; i, ko (G, W) and
Frr k2 (W, Q) by replacing G7 and @ by 3G*37 and @, respectively. Similarly
we can establish the same results as (b) and (c) in Lemma 2, and the rest
follows the proofs of Theorem 3.

5. Two Useful Lemmas.

LEMMA 1. Let X = (Xy,---,X,)" € R", where X;s are independent
and identically distributed random wvariables with mean zero, variance O'g(
and finite fourth order moment. Let Y = Z;io GIUE&;_j, where G € R™™,
U e RN and {&} satisfy Condition (C1) and are independent of {X;}.
Then for a matriz A = (a;;) € R™" and a vector B = (by,--- ,b,)" € R",
it holds that

(a) n'BTX —,0ifn2B"B—0 as n — .

(b) nTIXTAX —, 0% lim,, oo n L tr(A) if the limit exists, and n=2tr(A
AT) =0 as n — oo.

(¢c) (nT)"L Y  BTY, =, 0 if n 12 (BTGIUU(GT)B)Y2 = 0 as
n — o0. o

(d) (nT)"' S Y] AY] =, 02 limy, oo tr{ AT(0)} if the limit exists,
andn~ 132, Z‘;‘;O[tr{UT(GT)iAGjUUT(GT)jATGiU}]1/2 —0 asn
— OQ.

() (nT) S XTAY] —, 0ifn~t Y02 [tr{ AGIUUT (GTY AT}Y/2 —
0 as n — oo.



LEMMA 2. Assume the stationary condition |B1| + |B2| < 1. Further
assume Conditions (C1)-(C8) hold. For matrices M1 (m (1)) € R™P and
My = (mgjz)) € R"* P define My < My as mgj) < f orl <i<n and
1 < j < p. In addition, define |M|. as |[M|. = (|me € R™P for any
arbitrary matric M = (m;;) € R"*P. Then there exists K > 0, such that
(a) for any integer n > 0, we have

(5.1) GM(GT)"]e < " (|B1] + Bl MM T,

where M = Clr' + ZJK:O Wi, C > 1 is a constant, and m is defined in
(C2.1).

(b) For integers ki, ka, and j > 0, define gy, k,(G, W) = [WF{GI(GT)I}k2
(W Tk, € RVNXN | For integers 0 < ki, ko, my,ma < 1, as N — 0o we have

(5.2) 12{ Gier e (G2 W)L }/2—>o,
(5.3) NS [ g1 s G W) ggmama G} 0
i,j=0

(¢) For integers 0 < ki, ko < 1, define fi, (W, Q) = [WRLQF(W k1|, €
RVN*N “where Q is given in (C8). Then for integers 0 < ky, ko, my,ma < 1,
as N — oo we have

(54) N_Q]-Tfkl,kz (VV, Q)l — 07

(5.5) N2 fi o (W, Q) g s (W, Q) } 0

(5.6 NS [ ok O, Qg @)} = 01
7=0

5.1. Proof of Lemma 1. We prove the five conclusions in Lemma 1 one
by one.
PROOF OF (a). Since E(n"'BT X)%2 =n~206% B B, conclusion (a) holds.
PROOF OF (b). note that X "AX = > | > i—1 ai; X Xj. It can be verified
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that BE(X TAX) = 0% Y7_ aj; = oxtr(A), and

E(XTAX)? ZZZ Zawalm E(XiX; X Xm)

i=1 j=11=1 m=1

O'X Z aiiajj + O'X Z a;; + O'X Z aijaj; + Z auEX4

i#] i#] i#]

<UX(Zalla]J>+20X<Z U)-I-Z ”{EX4 30‘X}

7]

where the last inequality is due to ., aija; < 0. 52#](a + a ) =
Zwéj 7j- Since we have o Do @ity = {B(XTAX)}?, Z” o= tr(AAT),
and Y aZ < tr(AAT), then 1t can be derived that E(XTAX)? < {B(XT
AX)}2+Citr(AAT), where C) = 20% +|EX} —30%|. Then n™2var(X T AX)
< O1n~%tr(AAT) — 0, and (b) holds.

PROOF OF (c). Denote S, = (nT) "' S/_) BTY] = (nT) 1 S22 S, BT
GIUE,_, then it holds that E(S", BTGIU&,_;)? = TBTGIUUT(GTY B
By applying Minkowski inequality, as n — oo we have

1 o0 T ' 1/2
1Sall2 < nTJZ(:) | ;BTGJUgt_jHZ \F Z (BT GUUT(GT)B)

which implies conclusion (c), Where X2 = (EX 2)1/2 is the Lo norm.
PROOF OF (d). Let S, = (nT) 1 S, Y/ AY, = (nT) L 325y S0 &l ),
where &(i,j) = &, UT(GT)AGIUE,_;. Similar to the proof of conclusion
(b), we can show that E{&(j,7)} = o%tr{UT(GT)Y AGIU} and var{&(j,j)} <
Cott{UT(GTYAGIUU T (GT)ATGIU}, where Cy = 20* + |E(e}) — 30%|.
When i # j, it can be verified that E&(i,j) = 0 and E{&(i,5)?} =
ctr{UT(GTYAGIUUT(GTY ATGUY} < Cotr{UT(GT Y AGIUUT(GT)TAT
G'U}. As a result, we have E{Y, &(i,§)— E&(i,§)}* < TCotr{UT(GT)"A
GIUUT(GT) ATG'U}. Then, by Minkowski inequality

1Sy — ESpll2 < % ) i H iét(i’j) - E&(i’j)HQ
i=0 j=0  t=1

. . . 1/2
[tr{UT GT)A GJUUT(GT)JATGlU}} ” 0

IN

as n — o0o. In addition, we have ES, = n~ 022 2 t{UT(GTYAGIU} =
n~1tr{AT(0)}. Thus conclusion (d) holds.
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PROOF OF (e). It is straight forward that S, = (nT)~' Y.L, XTAY, =
(nT) 1325 0 Sy XTAGIUE, ;. note that E(3,_) X T AGIUE,_;)? = To?
E{XTAGIUUT(GTYATX} = To?0%tr{AG'UUT(GT)Y AT}, Similar to
the proof of conclusion (c), by Minkowski inequality, ||S¢||2 < (nvVT) oo
>0 [tr{ AGIUU T (GT)IAT}]'/? = 0 as n — co. As a result, conclusion (e)
holds.

5.2. Proof of Lemma 2. Firstly, by [2], for the irreducible and aperiodic
Markov chains in (C2.1) with transition probability matrix W, we have
lim,, oo W™ = 17rT, where 7 is the stationary distribution vector defined in
(C2.1). As a result, it can be concluded that there exists an integer K > 0,
for n > K we have

(5.7) W" g Clin',

where C' > 1 is a constant. We then prove (a)-(c) in Lemma 2 one by one
as follows.

PROOF OF (a). Firstly, for any integer n > 0, we have G = (B1W + 521)" =
> i=0 CB1 8y TWi, where G}, = n!/{j!(n—5)!}. Since W is an element-wise
non-negative matrix, |G"|. < Z?:o Ch |81V | B2 i WI. Then for n > K we
have |G". <

n n K
CHBP 1B W = > B Ba" W 4+ CI| Byl BT
J=0 j=K+1 §=0
< Y. GBPIBTICIR T+ ClIB | Bel W
j=K+1 j=0
< (S ampisI )T + 3 clg g

j=0 7=0

K
(18] + |B2l)"Cm T+~ Ci|B1l |Bal W,

J=0

(5.8)

where the second inequality is due to W” < Clx'. Further note that
1B1171B2|" 7 < (|B1] + |B2])™ (0 < j < n), and CEK < nf. As a result,
for n > K we have,

(5.9) IG™[e < 0 (|B1] + |B2])" M,

where M = Cl1n" + Zf:o W7 is defined in (a) of Lemma 2. It is easy to
verify that (5.9) also holds forn = 1, --- , K —1. Then we have |G"(GT)"|. <
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n2K(|B1] + |B2])>" MM for any positive integer n. As a result, (5.1) can be
proved.

PrOOF OF (b). First of all, let k&1 = k2 = 1 and then g;11(G,W) =
WGH(GT)IWT|.. We first prove (5.2). By (5.9) we have |WGY|. < 5%(| 81|+
|Bo|))WM and WM = C1r' + ZjKjll W7, where the equality is due to
Win" =1x". As a result, we have

(5.10) WG (GTYW e < 725 (181] + 1827 M,

where M is defined as M = WM M TW . As a result, we have >0 N-H1T
WG (GTYW T} < N1a(1T ML)V, where a = 3250 55 (|81 [+]521)7 <
co. Then it leads to show N721T M1 — 0. It can be verified 1T M1 =
N2Cy w2+ I T WI(W T 142N C Y, a T (WY 1+Y, 1T W W T ).
For the last two terms of 1T M1, by Cauchy inequality, we have

NY 7 TwTy1 < N(Zﬁ)m{ﬂWJ(WT)n}l/z,

J J
ZlTWi(WT)jl < Z{1TWi(WT)Z-1}1/2{1TWj(WT)j1}1/2.
i#£] i#j

As a result, it leads to show

N
(5.11) Y r2 =0 and N PLTWI(WT)1-0
j=1

for 1 < j < K 4 1. As the first convergence in (5.11) is implied by (C2.1),
we next prove N21TWIi(WT)1 — 0 (1 < j < K +1). Recall that
W* = W + WT. Thus it can be easily verified W < W* and W' < W*.
As a result, we have N~21TWJI(WT)i1 < N-21TW*¥1. Then it suf-
fices to show N~21TW*¥1 — 0. By eigendecomposition of W* we have
W*=>3%", )\k(W*)ukug, where \p(W*) and uj, € RY are the kth eigenvalue
and eigenvector of W* respectively. As a result, we have N~21TW*%1 =
N~? >k /\k(W*)Qj(lTuk)Q < NﬁZAmaX(W*)zj Ek(lTuk)Q = Nﬁl)‘maX(W*)zj
(1 < j < K + 1), where the last equality is due to Y, (1Tug)? = N. S-
ince we have A\pax(W*) = O(log N), it then leads to the conclusion that
N~ A\ nmax(W*)% — 0 for 1 < j < K + 1. As a consequence, the second
term in (5.11) holds. Similarly, it can be proved that (5.11) holds for all
0 < k1, ke < 1. As a result, we have (5.2) holds.

We next prove (5.3) with k1 = ko = m1 = mgp =1, and g, 1,1(G, W)g;1,1(G,
W) = |[WGHGTYWTWGI(GTYWT|.. Then it can be similarly proved for
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other cases (i.e., 0 < k1, k2, m1, my < 1). Note that by (5.10), we have
. A ) ) 1/2 o
[tr{WGZ(GT)ZWTWGJ (GT)JWT}} < ZK]K(‘BII + ’,32|)Z+]t1"{./\/l2}1/2,

It then can be derived that N—1 >°%° o WG (GTYWTWGH(GTY W TY/2
< AN~ tr{m?} Y2 n order to obtain (5.3), it suffices to show that

(5.12) N~2tr{M?} — 0.

Equivalently, by Cauchy inequality, it suffices to prove (> 7r]2~)2 — 0, and

N*Ztr{WjoTWjoT} — 0 holds for 1 < j < K + 1. It can be eas-
ily verified the first term holds by (C2.1). For the second one, we have
N2t {WiW3 " Wiwi '} < N=2r{(W*)4} = N=23, \(W*)% < N1
Amax(WHY < N7 N\ pax (WH)HEHD - Similarly, due to that Apa(W*) =
O(log N) in (C2.2), we have N~ Apax (W*)4E+D 5 0 as N — co. Conse-
quently, we have (5.12) and then (5.3) holds. This completes the proof of
(b).

PROOF OF (c). Similarly, let ky = ko = 1, and f11(W,Q) = [WQW |, =
[W(I-G) Y (I-GT)"'WT|.. We first establish the upper bound for [W QW T|..
Note that (I — G)~! = >0 G7. As a result, for any integer k > 0 we have
(W= G) e =

WO e x> W =Y 5 (18] + B2 Y WM = aW M,
, , prd
where the last inequality is due to (5.9). Then we have |W (I — G)7 |, <

aW M. As a result, it can be derived that

WQW Tl < [W(I - G) MW —a) 1]
(5.13) LK EWMM™WT = a’M.

Consequently, (5.4) and (5.5) can be proved due to (5.11) and (5.12).
At last, we only prove (5.6) with k1 = ka = m; = mg = 1. By (5.10) and
(5.13), it can be obtained that

7 2 [rweiaTywTwew T < 4 5 e+ mlae)
J

= a2 N2 { M2} 0,

where the last convergence is due to (5.12). As a result, one can obtain (5.6).
This completes the proof of Lemma, 2.
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6. Proof of Proposition 2. Let ( = ]\7_1/2T_177T Zt Xi—l(—tfl)eit7 Sy =

Zi]\il G, and F; = ofej,1 < j < 4,0 < t < T}. Therefore we have
E(¢i+1]Fi) = 0. Consequently, {S;, F;,1 < i < N} is a martingale sequence.
By a method similar to that of Step 2 in Appendix B.2, we can show that
SN = VNZpe =g N(0,062T7'%) as N — oo, which, together with (A.1),
completes the proof.

7. Verification of Conditions (C2)-(C3). We devote this section to
verify the technical conditions (C2) and (C3) for the simulation studies and
the real data analysis.

7.1. Connectivity Analysis (I). Condition (C2.1) assumes that the net-
work W is fully connected within a finite number of steps. To check this,
we conduct a simulation analysis as follows. Fix N = 1000. We then gener-
ate the network structure as the three simulation examples in Section 4.1.
Specifically, for stochastic block model we set block number K = 4, and
for power-law distribution model we set o = 3. Other parameters remains
the same as in Section 4.1. Write W" = (wgl)), where wZ-L) represents the
probability that the ¢, j could connect with each other in the n step. We
then calculate the network density as ND,, =3, . I(wgl) > 0)/N2. For a re-
liable evaluation, we replicate the experiment 1000 times and the ND,, value
are averaged for each 1 < n < 10. We then report these averaged values in
Figure 1. We find that, even though the original network density (i.e., ND;)
is very low, however, it increases rapidly. After (for example) 6 steps, the
whole network becomes pretty much fully connected with ND,, values ex-
tremely close to 100%. This corroborates with the six degrees of separation
theory well [3]. Similar analysis is also conducted for the real data analysis
and the findings are extremely similar.

7.2. Connectivity Analysis (II). Condition (C2.1) also assumes that } 7rj2-
should converge to 0 as N — co. We then simulate network structures as in
Appendix C.1. However, the difference is that we allow N to increase from
N =200 to N = 1000. For each simulated network with size N, we compute
its II(N) = >_; 7r]2 value. Then, the experiment is randomly replicated for
1000 times and the resulting II(IV) values are boxplotted for each N. The
detailed results are given in Figure 2. We do find that a clear pattern for
II(N) — 0 as N — oo. For the real data example, the network size N is
fixed. However, we can still compute its II(/N') value, which is given by 0.002
and seems extremely small.
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7.3. Uniformity. Condition (C3) requires that Apax(W*) < C'log N. We
then replicate the three simulation examples as in Appendix C.2. However,
for each simulated network structure, we compute Tyax (V) = Amax(W*)/
log(N) value. Then, the 1000 randomly replicated Tmax(N) values are box-
plotted for each IV in Figure 3. We find that they are all well bounded by
a constant C' = 2. For the real dataset, the Tyax(IN) values is given by 0.41.
It is also bounded by C' = 2.

7.4. Law of Large Numbers. We then consider how to verify the law of
large number type conditions in (C3). Once again, we simulate the data
according to the three simulation examples in Section 4.2 with identical
parameter setup. In order to verify this condition, one natural way is to
compute those k-values according to the analytical formula given in (C3).
However, we find this task computationally extremely challenging. This is
because it involves I'(0). The computation of I'(0) depends on G ® G, which
is a N2 x N? matrix; see (2.5). This makes the computation extremely
expensive. One natural solution to this problem is to replace I'(0) by its
sample estimate, that is T(0) = T~ 3, (Y= Y)(Y;—~Y)T and Y = 3, Y, /T.
By treating I'(0) as if it were I'(0), then the quantities in condition (C3)
(e.g., N~1tr{T'(0)} and so on) can be computed. We randomly replicate the
experiment for 1000 times, and then boxplot these quantities in Figure 4, 5,
and 6. A clear convergence pattern can be detected.
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Fic 1. Connectivity Analysis: black (o) for dyad independence model, red (A) for

stochastic block model, and blue (+) for power-law distribution model. After 6 steps,

the whole network becomes fully connected with ND values close to 100%.
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Fic 2. II(N) wversus N. The left panel for dyad independence model; The middle
panel for stochastic block model; The right panel for power-law distribution model.
There is a clear pattern that II(N) — 0 as N — oco.



12

Dyad Block Power—law

—_

038
I
042
I

i

—_

0.40
!
0.8

036
1
F
07

0.34
!
0.6
!

o w0
@ o
3
o
9 rm
< '
3 -_— =N 34
@ o —_
3 s Lo
3 e
J— S e -~
200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000
N N N

FIG 3. Tmax (V) versus N. The left panel for dyad independence model; The middle
panel for stochastic block model; The right panel for power-law distribution model.
They are all well bounded by a constant C = 2.
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Fic 4. Quantities of (C8) for dyad independence model. The top left panel for
N=Yr{T(0)}; The top right panel for N=1tr{WT(0)}; The bottom left panel for
N=Yr{(I — G)~1}; The bottom right panel for N=1tr(Q). A clear convergence pat-
tern can be detected as N — oo.
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Fic 5. Quantities of (C3) for stochastic block model. The top left panel for
N=1r{T(0)}; The top right panel for N~ tr{WT(0)}; The bottom left panel for
N=Yr{(I — G)~1}; The bottom right panel for N~ tr(Q). A clear convergence pat-
tern can be detected as N — oo.
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Fic 6. Quantities of (C3) for power-law distribution model. The top left panel for
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tern can be detected as N — oo.
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